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homogeneous spacetime is discussed and the harmonicity of the normal Gauß map is
studied.
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Introduction
In [4,5], J. Inoguchi studied Weierstraß–Enneper formula for minimal surfaces in the 2-parameter family of Riemannian
homogeneous spaces (R3, g[μ1,μ2]) with
g[μ1,μ2] = e−μ1t dx2 + e−μ2t dy2 + dt2.
Here, μ1,μ2 are real constants. Every homogeneous Riemannian manifold in this family can be represented as a solvable
matrix Lie group with left invariant metric. As special cases, this family of homogeneous Riemannian manifolds include
Euclidean 3-space and hyperbolic 3-space as warped product model. In fact, Euclidean 3-space and hyperbolic 3-space are
the only homogeneous Riemannian manifolds in this family that have constant sectional curvature. The Weierstraß–Enneper
formula obtained by Inoguchi is a generalized one that includes representation formulae for minimal surfaces in Euclidean
3-space, the well-known classical formula, and for minimal surfaces in hyperbolic 3-space, the one obtained by M. Kokubu
in [8] and independently by C.C. Góes and P.A.Q. Simões in [2]. The generalized Weierstraß–Enneper formula also contains
an integral representation formula, obtained by Mercuri, Montaldo and Piu [10], for minimal surfaces in the Riemannian
direct product H2 × E1 of hyperbolic 2-space and the real line E1. Minimal surfaces in H2 × E1 have also been studied
recently by B. Nelli and H. Rosenberg in [11] and [12].
E-mail address: sunglee@usm.edu.0926-2245/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
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S. Lee / Differential Geometry and its Applications 26 (2008) 536–543 537Motivated by Inoguchi’s work, we study maximal surfaces in the 3-dimensional homogeneous spacetime G(μ1,μ2) =
(R3(x0, x1, x2), g(μ1,μ2)), with Lorentzian metric
g(μ1,μ2) = −
(
dx0
)2 + e−2μ1x0(dx1)2 + e−2μ2x0(dx2)2.
G(μ1,μ2) also has a solvable Lie group structure with the group operation(
x0, x1, x2
) · (x˜0, x˜1, x˜2)= (x0 + x˜0, x1 + eμ1x0 x˜1, x2 + eμ2x0 x˜2).
The solvable Lie group G(μ1,μ2) includes interesting 3-dimensional homogeneous spacetime models such as ﬂat Minkowski
3-spacetime G(0,0), the ﬂat chart model of de Sitter 3-spacetime G(c, c), the warped product G(0, c) = E1 × R21(c2), and
G(c,−c). The Weierstraß–Enneper formula obtained in this paper is a uniﬁcation of integral formula in these homogeneous
spacetimes including Kobayashi–McNertney formula for spacelike maximal surfaces in Minkowski 3-spacetime [7,9].
The normal Gauß map of maximal surfaces in G(μ1,μ2) is discussed and the harmonic map-like PDE of projected
normal Gauß map is also obtained. It turns out that Minkowski 3-space G(0,0), de Sitter 3-space G(c, c), and G(c,−c) are
the only homogeneous 3-spacetimes among G(μ1,μ2) that admit harmonic Gauß map of spacelike maximal surfaces.
1. Solvable Lie group
In this paper, we study the following two-parameter family of homogeneous Lorentzian 3-manifolds:{(
R
3(x0, x1, x2), g(μ1,μ2)) | (μ1,μ2) ∈ R2}, (1.1)
where the metrics g(μ1,μ2) are deﬁned by
g(μ1,μ2) := −
(
dx0
)2 + e−2μ1x0(dx1)2 + e−2μ2x0(dx2)2. (1.2)
Each homogeneous space (R3, g(μ1,μ2)) is realized as the following solvable matrix Lie group:
G(μ1,μ2) =
⎧⎪⎨
⎪⎩
⎛
⎜⎝
1 0 0 x0
0 eμ1x
0
0 x1
0 0 eμ2x
0
x2
0 0 0 1
⎞
⎟⎠
∣∣∣∣ x0, x1, x2 ∈ R
⎫⎪⎬
⎪⎭ .
The Lie algebra g(μ1,μ2) is given explicitly by
g(μ1,μ2) =
⎧⎪⎨
⎪⎩
⎛
⎜⎝
0 0 0 y0
0 μ1 y0 0 y1
0 0 μ2 y0 y2
0 0 0 0
⎞
⎟⎠
∣∣∣∣ y0, y1, y2 ∈ R
⎫⎪⎬
⎪⎭ . (1.3)
Then we can take the following orthonormal basis {E0, E1, E2} of g(μ1,μ2):
E0 =
⎛
⎜⎝
0 0 0 1
0 μ1 0 0
0 0 μ2 0
0 0 0 0
⎞
⎟⎠ , E1 =
⎛
⎜⎝
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0
⎞
⎟⎠ , E2 =
⎛
⎜⎝
0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
⎞
⎟⎠ . (1.4)
Then the commutation relation of g(μ1,μ2) is given by
[E1, E2] = 0, [E2, E0] = −μ2E2, [E0, E1] = μ1E1.
For X ∈ g(μ1,μ2), denote by ad(X)∗ the adjoint operator of ad(X), i.e., it satisﬁes the equation〈[X, Y ], Z 〉= 〈Y ,ad(X)∗(Z)〉
for any Y , Z ∈ g(μ1,μ2). Let U be the symmetric bilinear operator on g(μ1,μ2) deﬁned by
U (X, Y ) := 1
2
{
ad(X)∗(Y ) + ad(Y )∗(X)}.
Lemma 1.1. Let {E0, E1, E2} be the orthonormal basis for g(μ1,μ2) deﬁned in (1.4). Then
U (E0, E0) = 0, U (E1, E1) = μ1E0, U (E2, E2) = μ2E0,
U (E0, E1) = μ1
2
E1, U (E1, E2) = 0, U (E2, E0) = μ2
2
E2.
Lemma 1.2. (See M. Kokubu [8], K. Uhlenbeck [13].) Let D be a simply connected domain. A smooth map ϕ : D → G(μ1,μ2) is
harmonic if and only if(
ϕ−1ϕu
)
u +
(
ϕ−1ϕv
)
v − ad
(
ϕ−1ϕu
)∗(
ϕ−1ϕu
)− ad(ϕ−1ϕv)∗(ϕ−1ϕv)= 0 (1.5)
holds.
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∂
∂ z¯
(
ϕ−1 ∂ϕ
∂z
)
+ ∂
∂z
(
ϕ−1 ∂ϕ
∂ z¯
)
− 2U
(
ϕ−1 ∂ϕ
∂z
,ϕ−1 ∂ϕ
∂ z¯
)
= 0. (1.6)
Let ϕ−1 dϕ = A dz + A¯ dz¯. Then Eq. (1.6) is equivalent to
Az¯ + A¯z = 2U (A, A¯). (1.7)
The Maurer–Cartan equation is given by
Az¯ − A¯z = [A, A¯]. (1.8)
Eqs. (1.7) and (1.8) can be combined to a single equation
Az¯ = U (A, A¯) + 12 [A, A¯]. (1.9)
Eq. (1.9) is both the integrability condition for the differential equation ϕ−1 dϕ = A dz + A¯ dz¯ and the condition for ϕ to be
a harmonic map.
Left-translating the basis {E0, E1, E2}, we obtain the following orthonormal frame ﬁeld:
e0 = ∂
∂x0
, e1 = eμ1x0 ∂
∂x1
, e2 = eμ2x0 ∂
∂x2
.
The Levi-Civita connection ∇ of G(μ1,μ2) is computed to be
∇e0e0 = ∇e0e1 = ∇e0e2 = 0,
∇e1e0 = −μ1e1, ∇e1e1 = −μ1e0, ∇e1e2 = 0,
∇e2e0 = −μ2e2, ∇e2e1 = 0, ∇e2e2 = −μ2e0.
Let K (ei, e j) denote the sectional curvature of G(μ1,μ2) with respect to the tangent plane spanned by ei and e j for
i, j = 0,1,2. Then
K (e0, e1) = g00R1010 = μ21,
K (e1, e2) = g11R2121 = μ1μ2,
K (e0, e3) = g00R3030 = μ22, (1.10)
where gij = g(μ1,μ2)(ei, e j) denotes the metric tensor of G(μ1,μ2). Hence, we see that G(μ1,μ2) has constant sectional
curvature if and only if μ21 = μ22 = μ1μ2. If c := μ1 = μ2, then G(μ1,μ2) is locally isometric to S31(c2), the de Sitter 3-
space of constant sectional curvature c2. (See Example 1.2 and Remark 1.1.) If μ1 = −μ2, then μ1 = μ2 = 0, so G(μ1,μ2) =
G(0,0) ∼= E31 (Example 1.1).
Example 1.1 (Minkowski 3-space). The Lie group G(0,0) is isomorphic and isometric to the Minkowski 3-space
E
3
1 =
(
R
3(x0, x1, x2),+)
with the metric −(dx0)2 + (dx1)2 + (dx2)2.
Example 1.2 (de Sitter 3-space). Take μ1 = μ2 = c = 0. Then G(c, c) is the ﬂat chart model of the de Sitter 3-space:
S
3
1
(
c2
)
+ =
(
R
3(x0, x1, x2),−(dx0)2 + e−2cx0{(dx1)2 + (dx2)2}).
Remark 1.1. Let E41 be the Minkowski 4-space. The natural Lorentzian metric 〈·,·〉 of E41 is expressed as
〈·,·〉 = −(du0)2 + (du1)2 + (du2)2 + (du3)2
in terms of natural coordinate system (u0,u1,u2,u3).
The de Sitter 3-space S31(c
2) of constant sectional curvature c2 > 0 is realized as the hyperquadric in E41:
S
3
1
(
c2
)= {(u0,u1,u2,u3) ∈ E41: −(u0)2 + (u1)2 + (u2)2 + (u3)2 = 1/c2}.
The de Sitter 3-space S3(c2) is divided into the following three regions:1
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3
1
(
c2
)
+ =
{(
u0,u1,u2,u3
) ∈ S31(c2): c(u0 + u1)> 0};
S
3
1
(
c2
)
0 =
{(
u0,u1,u2,u3
) ∈ S31(c2): u0 + u1 = 0};
S
3
1
(
c2
)
− =
{(
u0,u1,u2,u3
) ∈ S31(c2): c(u0 + u1)< 0}.
It is easy to see that S31(c
2) is the disjoint union S31(c
2)+ + S31(c2)0 + S31(c2)− and S31(c2)± are diffeomorphic to R3.
Let us introduce a local coordinate system (x0, x1, x2) by
x0 = 1
c
log c
(
u0 + u1), x j = u j+1
c(u0 + u1) ( j = 1,2).
This local coordinate system is deﬁned on S31(c
2)+ . The induced metric of S31(c2)+ is expressed as:
gc := −
(
dx0
)2 + e2cx0{(dx1)2 + (dx2)2}.
The chart (S31(c
2)+, gc) is traditionally called the ﬂat chart of S31(c2) in general relativity [3]. The ﬂat chart is identiﬁed with
a Lorentzian manifold
R
3
1
(
c2
) := (R3,−(dx0)2 + e2cx0{(dx1)2 + (dx2)2})
of constant sectional curvature c2. This expression shows that the ﬂat chart is a warped product E11 × f E2 with warping
function f (x0) = ecx0 . In particular, S31(c2)+ is a Robertson–Walker spacetime.
Example 1.3 (Direct product E1 × R21(c2)). Take (μ1,μ2) = (0, c) with c = 0. Then the resulting homogeneous spacetime is
R
3 with metric:
−(dx0)2 + (dx1)2 + e−2cx0(dx2)2,
or equivalently,(
dx1
)2 − (dx0)2 + e−2cx0(dx2)2.
Hence G(0, c) is identiﬁed with the direct product of the real line E1(x1) and the warped product model
R
2
1
(
c2
)= (R2(x0, x2),−(dx0)2 + e−2cx0(dx2)2)
of S21(c
2)+ . Here, R21(c2) denotes the ﬂat chart model of S21(c2). Thus G(0, c) is identiﬁed with E1×R21(c2). Note that G(0, c)
is a warped product with trivial warping function.
Example 1.4 (Homogeneous spacetime G(c,−c)). Let μ1 = c,μ2 = −c with c = 0. Then the resulting homogeneous spacetime
G(c,−c) is the Minkowski motion group E(1,1) with the Lorentzian metric:
−(dx0)2 + e−2cx0(dx1)2 + e2cx0(dx2)2.
2. Integral representation formula
In this section, we obtain an integral representation formula for spacelike maximal surfaces in G(μ1,μ2) analogously
to [4].
Let D(z, z¯) be a simply connected domain and ϕ : D → G(μ1,μ2) a smooth map. If we write ϕ(z) = (x0(z), x1(z), x2(z))
then by direct calculation
A = x0z E0 + x1z e−μ1x
0
E1 + x2z e−μ2x
0
E2.
It follows from the harmonic map equation (1.7) that
Lemma 2.1. ϕ is harmonic if and only if the following equations hold:
x0zz¯ −
(
μ1x
1
z x
1
z¯ e
−2μ1x0 + μ2x2z x2z¯ e−2μ2x
0)= 0,
x1zz¯ − μ1
(
x0z¯ x
1
z + x0z x1z¯
)= 0,
x2zz¯ − μ2
(
x0z¯ x
2
z + x0z x2z¯
)= 0.
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d = ∂ + ∂¯, ∂ = ∂
∂z
dz, ∂¯ = ∂
∂ z¯
dz¯,
with respect to the conformal structure of D. Let ω0 = x0z dz, ω1 = e−μ1x0x1z dz, ω2 = e−μ2x0x2z dz. Then by Lemma 2.1, the
triplet {ω0,ω1,ω2} of (1,0)-forms satisﬁes the following differential system:
∂¯ω0 = −(μ1ω1 ∧ ω1 + μ2ω2 ∧ ω2), (2.1)
∂¯ωi = μiωi ∧ ω0, i = 1,2. (2.2)
Proposition 2.1. Let {ω0,ω1,ω2} be a solution to (2.1)–(2.2) on a simply connected domain D. Then
ϕ(z, z¯) = 2Re
z∫
z0
(
ω0, eμ1x
0(z,z¯) · ω1, eμ2x0(z,z¯) · ω2)
is a harmonic map into G(μ1,μ2).
Conversely, any harmonic map of D into G(μ1,μ2) can be represented in this form.
Corollary 2.1. Let {ω0,ω1,ω2} be a solution to
∂¯ω0 = μ1ω1 ∧ ω1 + μ2ω2 ∧ ω2, (2.3)
∂¯ωi = μiωi ∧ ω0, i = 1,2, (2.4)
−ω0 ⊗ ω0 + ω1 ⊗ ω1 + ω2 ⊗ ω2 = 0 (2.5)
on a simply connected domain D. Then
ϕ(z, z¯) = 2Re
z∫
z0
(
ω0, eμ1x
0(z,z¯) · ω1, eμ2x0(z,z¯) · ω2)
is a weakly conformal harmonic map into G(μ1,μ2). Moreover ϕ(z, z¯) is a maximal immersion if and only if
−ω0 ⊗ ω0 + ω1 ⊗ ω1 + ω2 ⊗ ω2 = 0.
3. The normal Gauß map
Let ϕ : D → G(μ1,μ2) be a conformal immersion. Take the future-pointing unit normal N along ϕ . Then, by the left
translation we obtain the following smooth map:
ϕ−1 · N : D → H2(−1),
where
H
2(−1) = {u0E0 + u1E1 + u2E2: −(u0)2 + (u1)2 + (u2)2 = −1, u0 > 0}⊂ g(μ1,μ2)
is the unit hyperbolic 2-space. The Lie algebra g(μ1,μ2) is identiﬁed with Minkowski 3-space E31(u
0,u1,u2) via the or-
thonormal basis {E0, E1, E2}. The smooth map ϕ−1 · N is called the normal Gauß map of ϕ .
Let ϕ : D → G(μ1,μ2) be a maximal immersion of a simply connected Riemann surface D determined by the data
(ω0,ω1,ω2). Express the data as ωi = ψ i dz, i = 0,1,2. Then the induced metric I of ϕ is
I = 2(−ω0 ⊗ ω0 + ω1 ⊗ ω1 + ω2 ⊗ ω2)
= 2(−∣∣ψ0∣∣2 + ∣∣ψ1∣∣2 + ∣∣ψ2∣∣2)dzdz¯.
From the conformality condition (2.5),
−(ψ0)2 + (ψ1)2 + (ψ2)2 = 0.
Hence, we can introduce two complex valued functions f and g by
f := ψ1 − √−1ψ2, g := ψ
0
1
√
2
.ψ − −1ψ
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ϕ(z, z¯) = 2Re
z∫
z0
(
f g,
1
2
eμ1x
0
f
(
1+ g2),
√−1
2
eμ2x
0
f
(
1− g2))dz. (3.1)
The normal Gauß map is computed to be
ϕ−1 · N = 1
1− |g|2
((
1+ |g|2)E0 + 2Re(g)E1 + 2 Im(g)E2).
Let D = {ζ 1E1 + ζ 2E2 ⊂ R2: (ζ 1)2 + (ζ 2)2 < 1}. Under the stereographic projection
℘+ : H20(−1) → D; ℘+
(
u0E0 + u1E1 + u2E2
)= u1
1+ u0 E1 +
u2
1+ u0 E2,
the map ϕ−1 · N is identiﬁed with the function g . Based on this fundamental observation, we call the function g the normal
Gauß map of ϕ .
Since
ψ0z¯ = μ1
∣∣ψ1∣∣2 + μ2∣∣ψ2∣∣2, ψ iz¯ = μiψ i, i = 1,2,
we have
∂ f
∂ z¯
= 1
2
| f |2g{μ1(1+ g¯2)− μ2(1− g¯2)}, (3.2)
∂ g
∂ z¯
= 1
4
f¯
{
μ1
(
1+ g¯2)(1− g2)+ μ2(1− g¯2)(1+ g2)}. (3.3)
As is seen in Section 1, G(0,0) = E31 and G(c, c) = R31(c2) are the only cases of solvable Lie group G(μ1,μ2) with
constant sectional curvature.
For G(0,0) = E31,
∂ f
∂ z¯
= ∂ g
∂ z¯
= 0,
that is, both f and g are holomorphic. From (3.1), we retrieve the Weierstraß representation formula for spacelike maximal
surface ϕ : D → E31 given by
ϕ(z, z¯) = 2Re
z∫
z0
(
f g,
1
2
f
(
1+ g2),
√−1
2
f
(
1− g2))dz (3.4)
in terms of holomorphic data (g, f ), which is obtained in [7,9].
For G(c, c) = R31(c2),
∂ f
∂ z¯
= c| f |2|g|2 g¯, (3.5)
∂ g
∂ z¯
= c
2
f¯
(
1− |g|4). (3.6)
Then the Weierstraß representation formula1 (3.1) with μ1 = μ2 = c gives rise to spacelike maximal surfaces in R31(c2).
Eq. (3.6) clearly shows that the normal Gauß map of spacelike maximal surfaces in S31(1) cannot be holomorphic.
From (3.2) and (3.3), it is straightforward to show that g satisﬁes the following PDE:
gzz¯ + 2g μ1(1+ g¯
2) − μ2(1− g¯2)
μ1(1+ g¯2)(1− g2) + μ2(1− g¯2)(1+ g2) gz gz¯
− 4|gz¯|
2 g¯(1− g4)(μ21 − μ22)
(μ21 + μ22)|1− g4|2 + μ1μ2{(1+ g2)2(1− g¯2)2 + (1+ g¯2)2(1− g2)2}
= 0. (3.7)
Proposition 3.1. The PDE (3.7) is a harmonic map equation if and only if μ21 = μ22 .
If μ1 = μ2 = 0, then (3.7) is simpliﬁed to
gzz¯ + 2|g|
2 g¯
1− |g|4 gz gz¯ = 0. (3.8)
1 This formula coincides with the one studied by R. Aiyama and K. Akutagawa in [1].
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plane C∪ {∞}.
If μ1 = −μ2 , then (3.7) is simpliﬁed to
gzz¯ − 2g
g2 − g¯2 gz gz¯ = 0. (3.9)
This equation is the harmonic map equation for a map g : D(z, z¯) → (C¯(w, w¯), dw dw¯|w2−w¯2| ).
Proof. The tension ﬁeld τ (g) of g is given by
τ (g) = 4λ−2(gzz¯ + Γ www gz gz¯), (3.10)
where λ is a parameter of conformality. Here, Γ www denotes the Christoffel symbols of C¯(w, w¯). By comparing Eqs. (3.7)
and τ (g) = 0, one can readily see that (3.7) is a harmonic map equation if and only if μ21 = μ22.
In order to ﬁnd a suitable metric on C¯(w, w¯) with which (3.7) is a harmonic map equation, one simply needs to solve
the ﬁrst order PDE⎧⎨
⎩
Γ www = 2|w|
2 w¯
1−|w|4 if μ1 = μ2 = 0,
Γ www = − 2ww2−w¯2 if μ1 = −μ2,
whose solutions are
(gij) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(
0 1|1−|w|4|
1
|1−|w|4| 0
)
if μ1 = μ2 = 0,
(
0 1|w2−w¯2|
1
|w2−w¯2| 0
)
if μ1 = −μ2,
respectively. 
Remark 3.1. It is well known that the projected Gauß map g of a spacelike maximal surface in G(0,0) = E31 satisﬁes the
Laplace–Beltrami equation
g = 4λ−2gzz¯ = 0.
It also follows readily from (3.7) with μ1 = μ2 = 0.
Remark 3.2. Proposition 3.1 tells us that Minkowski 3-space G(0,0) = E31, de Sitter 3-space G(c, c) = R31(c2), and G(c,−c) =
E(1,1) are the only homogeneous 3-spacetimes among G(μ1,μ2) that admit harmonic Gauß map of spacelike maximal
surfaces.
Remark 3.3. The singular metric dw dw¯|1−|w|4| is called the Kokubu metric. In [8], M. Kokubu obtained (3.8) as the harmonic map
equation for the normal Gauß map of minimal surfaces in hyperbolic 3-space H3(−c2) of constant sectional curvature −c2.
So, we see that the normal Gauß map of minimal surfaces in hyperbolic 3-space and spacelike maximal surfaces in de Sitter
3-space G(c, c) = R31(c2) satisfy the same harmonic map equation (3.8). This hints us a duality between minimal surfaces in
hyperbolic 3-space and spacelike maximal surfaces in de Sitter 3-space. This will be fully discussed in [6].
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